Quantum anomalous Hall (QAH) effect in magnetic topological insulators is driven by the combination of spontaneous magnetic moments and spin-orbit coupling. Its recent experimental discovery raises the question if higher plateaus can also be realized. Here we present a general theory for QAH effect with higher Chern numbers, and show by first-principles calculations that thin film magnetic topological insulator of Cr-doped Bi2(Se,Te)3 is a candidate for the C = 2 QAH insulator. Remarkably, whereas higher magnetic field leads to lower Hall conductance plateaus in the integer quantum Hall effect, higher magnetic moment leads to higher Hall conductance plateaus in the QAH effect. The topological phases of two-dimensional (2D) insulators with broken time reversal symmetry is characterized by the first Chern number [1] , which takes integer values in the integer quantum Hall effect (IQHE). In the IQHE, electronic states of 2D electron system form Landau levels under strong external magnetic fields, and the Hall resistance is quantized into h/Ce 2 plateaus [2] contributed by dissipationless chiral states at sample edges [3] (where h is Plank's constant, e is the charge of an electron, and C is the Chern number). In principle, quantum Hall effect can exist without the external magnetic field and the associated Landau levels [4] , however, the Haldane model [4] with circulating currents on a honeycomb lattice is not easy to implement experimentally. In a QAH insulator, theoretically proposed for magnetic topological insulators (TIs) [5] [6] [7] [8] [9] , the ferromagnetic (FM) ordering and spin-orbit coupling (SOC) are sufficiently strong that they can give rise to a topologically nontrivial phase with finite Chern number. Recently, the QAH effect has been experimentally discovered in magnetic TI of Cr-doped (Bi,Sb) 2 Te 3 , where the C = 1 has been reached [10] . Search for QAH insulator with higher Chern numbers could be important both for fundamental and practical interests. The edge channels of the QAH insulator has been proposed as interconnects for integrated circuits [11] . However, while the edge channels of the QAH insulator conducts without dissipation, contact resistance could still limit possible application in interconnects. QAH effect with higher plateaus lowers the contact resistance, significantly improving the performance of the interconnect devices. Fractional filling of Chern insulators with C = 2 could also lead to new topological states with novel elementary excitations [12] . QAH effect with higher plateaus also shows dramatic difference between the IQHE and the QAH effect: whereas higher magnetic field leads to lower Hall conductance plateaus in the IQHE, higher magnetic moment leads to higher Hall conductance plateaus in the QAH effect.
In this Letter, we present a general theory for QAH effect with higher plateaus. Based on the first-principles calculations, we predict that thin films of Cr-doped Bi 2 (Se x Te 1−x ) 3 TI is a candidate for the C = 2 QAH insulator. The tunable magnetic ordering and SOC in this system provide an ideal platform for realizing other exotic topological states in magnetic TIs.
The basic mechanism for the quantum spin Hall effect or TI is the band inversion of spin degenerate bands, described by the Bernevig-Hughes-Zhang model [13] . Similarly, the basic mechanism for the QAH effect is the band inversion of spin polarized bands in magnetic TIs [5] [6] [7] [8] [9] . The general theory for higher Chern number QAH effect presented in this letter is generic for any thin films of magnetic TIs. We would like to start from a simple model describing TIs Bi 2 Te 3 , Bi 2 Se 3 and Sb 2 Te 3 for concreteness [14] . The thin films made out of this family of compounds doped with Cr or Fe develops ferromagnetism even up to 190 K [15] [16] [17] . The QAH effect can be realized in 2D thin film of such magnetic TIs with spontaneous FM order. The low-energy bands of these materials consist of a bonding and an antibonding state of p z orbitals, labelled by |P 2 − z , ↑ (↓) and |P 1 + z , ↑ (↓) , respectively. The generic form of the effective Hamiltonian describing these four bands is
here τ i (i = 1, 2, 3) and σ y are Pauli matrices. d
y ) accounts for the particle-hole asymmetry. B 0 < 0 and B 1 , B 2 > 0 guarantee the system is in the inverted regime. The basis of Eq. (1) is |P 1
z , ↑ , and the ± in the basis stand for the even and odd parity and ↑, ↓ represent spin up and down states, respectively. ∆ is the exchange field along the z axis introduced by the FM ordering. For simplicity, the same effective g-factor for the two oribtals P 1
The confinement of thin films of three-dimensional (3D) magnetic TIs in the z direction quantizes the momentum on this axis and leads to 2D sub-bands labeled by the sub-band index n. In order to illustrate the underlying physics clearly, we first take the limit A 1 = 0, in which case the system is decoupled into two classes of 2D models h + (n) and h − (n) with opposite chiralitỹ
where
, and the confinement in a thin film of thickness d is given by the relation ϕ n (z) = 2/d sin(nπz/d + nπ/2) and k
2 for sub-bands index n. |E n , ↑ \ ↓ and |H n , ↑ \ ↓ have parity (−1) n+1 and (−1) n , respectively. At half filling, the effective models h ± (n) have Chern number ±1 or ±0 depending on whether the Dirac mass is inverted (M n ∓ ∆ < 0) or not (M n ∓ ∆ > 0) at Γ point. Thus the total Chern number of the system is
where N ± is the number of h ± (n) with inverted Dirac mass, respectively. As shown in Fig. 1(a) , when ∆ = 0, N + = N − , thus the net Hall conductance of this system vanishes; while the Z 2 index N + (mod 2), can be still nonzero, which gives the crossover from 3D TI to quantum spin Hall insulator [18] . When ∆ = 0, N + can be different from N − . In the ∆ = ∆ 1 case, only the Dirac mass of h + (1) is inverted, thus N + = 1 and N − = 0, the system is in a QAH state with C = 1. When the exchange field is larger with ∆ = ∆ 2 , the Dirac mass of h + (1) and h + (2) are inverted, N + = 2 and N − = 0, gives QAH phase with C = 2.
With the criteria for the Chern number in Eq. (4), we can identify a phase diagram in the parameter space (∆, d) as shown in Fig. 2 , where we adopt the parameters of Bi 2 (Se 0.4 Te 0.6 ) 3 [14] , and neglect the particlehole asymmetric termε n for it does not change the condition for band inversion. In the absence of A 1 term, the condition for band inversion of h ± (n) is d > nπ B 1 /(±∆ − B 0 ), thus the phase boundaries are given Fig. 2(a) ]. The different QAH phases are denoted by the corresponding Chern numbers. As shown in Fig. 2(b) , when A 1 term is turned on, it induces the coupling between h ± (n) and h ∓ (n+1), which makes the QAH phases with same Chern numbers simply connected in the phase diagram. Also it enlarges the C = 1 phase and shrinks C = 2 phase in the parameter space. The phase space of odd Chern number phases are simple connected, while those of even Chern number phases are separated into "islands", for the confinement potential has inversion symmetry along the z direction.
For a given thickness, the Hall conductance experiences incremental plateaus 0, e 2 /h, 2e 2 /h,· · · as ∆ increases. Remarkably, the inverse of the magnetization, proportional to 1/∆ in QAH effect, is analogues to the magnetic field in IQHE. One the other hand, for a given exchange field, when the thickness d is small enough, the band inversion in the bulk band structure will be removed entirely by the finite size effect; with the increasing d, finite size effect is getting weaker and the band inversion among these sub-bands restores. If ∆ > |B 0 |, the Dirac mass of class h − (n) can never be inverted, the Hall conductance plateaus transition always increase as d increases. If ∆ is small, the Dirac mass of the both classes can be inverted, and the system can only oscillate between C = 1 QAH insulator and trivial band insulator as a function of thickness. Therefore, the QAH effect with higher plateaus requires a large enough exchange field. The above discussion based on the analytic model give us a clear physical picture of the high Chern number QAH effect in magnetic TIs. In the following, we would like to consider about the possible realization in the realistic magnetic TI materials. The key point is to invert more spin polarized 2D sub-bands by large exchange field, while keeping the system full insulating. Thus the SOC of the materials has to be properly tuned to keep a full band gap. For Cr-doped (Bi,Sb) 2 Te 3 magnetic TI used in experiment [10] to realize the C = 1 QAH effect, the SOC of Te is so large that the C = 2 QAH phase in this material becomes semi-metallic.
We study the materials of Bi 2−y Cr y (Se x Te 1−x ) 3 magnetic TI. With different Cr content and Se/Te ratio, the magnetic properties and SOC can be fine-tuned. We choose Cr-doped Bi 2 (Se 0.4 Te 0.6 ) 3 as an example, where the Dirac cone of surface states is observed to locate in the bulk band gap [19] . Here, we first carried out the first-principles calculations on 3D Bi 2 (Se 0.4 Te 0.6 ) 3 without SOC, the virtual crystal approximation is employed to simulate the mixing between Se and Te in first-principles calculations. Then we get the effective SOC parameter of Bi 2−y Cr y by fitting the band structure of Bi 1.78 Cr 0.22 (Se 0.6 Te 0.4 ) 3 in Ref. [19] . This system is at the critical point of the topological phase transition from inverted bands to normal bands, because the substitution of Bi by Cr reduces SOC strength. Finally, we construct the tight-binding model with SOC and the exchange interaction based on maximally localized Wannier functions [20, 21] . When the 2D system stays in the QAH phase, there are topologically protected chiral edge states at the 1D edge. To show the topological feature more explicitly, we calculate the dispersion spectra of the chiral edge states directly. As examples, here we study the edge states of the 6-QLs and 12-QLs of Bi 2−y Cr y (Se 0.4 Te 0.6 ) 3 film along [11] direction (Edge A along Γ-M ), as shown in Fig. 3 . For a semi-infinite system, combining the tight-binding model with the iterative method [22] , we can calculate the Green's function for the edge states directly. The local density of states (LDOS) is directly related to the imaginary part of Green's function, from which we can obtain the dispersion of the edge states. As shown in Fig. 3(f) for 12-QLs Bi 1.78 Cr 0.22 (Se 0.4 Te 0.6 ) 3 with ∆ = 0.14 eV, there indeed exist two gapless chiral edge states Σ 1 and Σ 2 in the 2D bulk gap indicating the C = 2 QAH effect.
Recent experiments have shown that the thickness of thin films TIs can be well controlled through layer-bylayer growth via molecular beam epitaxy [23] , and the exchange field ∆ can be tuned by changing the doping concentration y of the magnetic elements [15] [16] [17] . In the mean field approximation, ∆ can be estimated as ∆ = yJ eff S /2, where S is the mean field expectation value of the local spin, and J eff is the effective exchange parameter between local moments and the band electron. For Cr-doped Bi 2 (Se,Te) 3 , S = 3/2, J eff is around 2.7 eV [9] , and the FM Curie temperature is about tens of K. With the concentration of the magnetic dopants to be 10%, the exchange field can be as large as 0.2 eV, making the realization of QAH effect with higher plateaus feasible.
Experimentally, for the QAH effect with a higher Chern number C, the gate-tuned Hall resistance ρ xy should be accurately quantized into h/Ce 2 plateau at zero magnetic field accompanied by a vanishing longitudinal resistance ρ xx and conductance as shown in Fig. 1(c) . In real materials, there always exists residual dissipative conduction channels contributed by a small amount of bulk carriers; however, if the carrier density is low enough, they will become localized states by the disorder potentials and will not affect the exact quantization of the Hall plateau. The QAH effect with higher plateaus may provide a setting for both fundamental and applied investigation. A wealth of materials with tunable magnetic and topological properties [24, 25] could lead to the discovery of more high Chern number QAH insulators. The multiple dissipationless edge channels in higher plateaus QAH effect would offer better ways to optimize electrical transport properties, leading to novel designs for low-powerconsumption electronics.
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